Abstract. The open spin 1/2 XXZ chain is described in terms of the Temperley-Lieb algebra extended by two boundary generators. For specific values of its parameters the algebra comes to a semigroup regime and the model can be attached a stochastic interpretation. The corresponding 3 cases Raise and Peel Models are defined and combinatorial properties of their stationary states are investigated. A relation between 3 cases stationary states is observed which could be reminiscent of a factorization on the level of algebras. Bilinear equalities for some stationary state coefficients are observed. These equalities, called the Pascal's hexagon relations, are considered in the Appendix. Their particular integral and polynomial solutions are constructed.
Introduction.
Recently much interest have been attached to surprising manifestation of the ASM (alternating sign matrices) combinatorics in the properties of the ground state of XXZ spin chain at a particular value ∆ = −1/2 of its anisotropy [1] . In subsequent investigations [2] - [13] a list of models possessing such property was substantially extended including the dense O(1) loop model, the rotor model and the "raise and peel" model of fluctuating interface. Two important facts are common for these models. First, all they admit purely algebraic description in terms of an appropriate version of a (quotient of) Temperley-Lieb (TL) algebra (see [10] ). Second, the TL algebras always come in a very specific semigroup regime, that certainly has to do with the manifestation of the ASM combinatorics. This latter fact was used in [5, 10] to interpret the loop model as a stochastic process and, thus, to attach direct physical interpretation to components of the ground state vector as (unnormalized) rates of a stationary probability distribution.
In the present paper we use boundary extension of the TL algebra to obtain purely algebraic description of XXZ spin chain with open boundary conditions for generic values of its anisotropy and boundary parameters (see Section 2) .
We consider then three stochastic processes associated with the algebra at its semigroup point. Following [12] we call them Raise and Peel Models (RPMs). The RPMs were recently investigated both from physical and mathematical viewpoints in [5] , [9] - [13] . In addition to these recent investigations we make a comparative analysis of the stationary states of the processes and present numeric conjectures about them (see Section 3) 1 1 An investigation of the whole spectrum of the models will be reported elsewhere [14] .
1
A special comment should be made concerning the paper [13] . There are many intersections in the results discussed here and in that paper. We decide not to avoid overlapping because (a) we use different presentation language and (b) in both cases results were extracted from calculations on computers and so they may be viewed as two mutually approving computer experiments 2 . During investigation the RPM's stationary states we find out that some of their coefficients satisfy bilinear equalities, called here the Pascal's hexagon relations. A brief investigation of some integral and polynomial solutions of these recurrent relations is reported in the Appendix.
2 Boundary extended Temperley-Lieb algebra 2.1 Definition.
We start with the type A Temperley-Lieb (TL) algebra [15] which as it is well known (see [16] ) stands behind the U q (sl 2 ) symmetric XXZ spin chain. For the chain of L particles the corresponding TL algebra is generated by the unity and a set of (L − 1) elements e i , i = 1, . . . (L − 1), subject to relations e i e i±1 e i = e i , e
1)
e i e j = e j e i , ∀ i, j : |i − j| > 1 .
(2.2)
Here parameter q ∈ C\{0} of the algebra is related to the anisotropy parameter ∆ = −(q + q −1 )/2 of the spin chain. A boundary extension of this algebra is achieved by adding two more generators f 0 and f L together with the relations e 1 f 0 e 1 = e 1 , e j f 0 = f 0 e j , ∀ j > 1, (2. 3)
where a,ā ∈ C. The algebra with one boundary element (either f 0 , or f L ) called the blob algebra was analyzed in [17, 18] . The extension of the TL algebra with the two boundary generators was introduced in [11] . Unlike TL and blob algebras it is infinite dimensional and we are going to further extract its finite dimensional quotient. To this end we consider a pair of unnormalized projectors X L and Y L . They are defined differently depending on a 2 In fact, there is a small discrepancy in results presented in Conjecture 13. In terms of these projectors reduction conditions read
The resulting quotient algebra is that one we shall further call the boundary extended TL algebra. It is finite dimensional 3 and it depends on four parameters q, a,ā and b ∈ C.
Graphical presentation.
There are at least two ways in which the boundary extended TL algebra can be visualized. First one is a straightforward generalization of the diagrammatic realization of the blob algebra presented in [17] . For this one uses familiar "lines and loops" diagrams for the TL generators e i and realizes the boundary generators f 0 and f L as two different blobs lying, respectively, on the leftmost and the rightmost lines of the diagram (see [17] ). Equivalently, one can draw boundary generator f 0 (f L ) as a half-loop connecting the leftmost (rightmost) line to the boundary (see [11, 13] ). The second way which we are using throughout this paper is the one suitable for modelling of growing interfaces (see [12] ). One draws the TL generator e i as a tile whose diagonal is lying on a vertical line with coordinate i and whose left and right vertices are placed, respectively, on vertical lines with coordinates i − 1 and i + 1. The boundary generators f 0 and f L are drawn as half-tiles with their longest sides lying on vertical lines with coordinates 0 and L, respectively (see Figure below) .
The (half-)tiles can freely move along vertical axes unless they meet their neighbors. Assuming attraction forces acting among the (half-)tiles one represents word in the algebra as a collection of dense polygons built from the (half-)tiles and satisfying following conditions. All polygons are placed between vertical lines with coordinates 0 and L and no vertical line lying between these two boundary verticals crosses the borders of (one or several) polygons in more then two points.
2.3
Relation to XXZ open spin= 1 2 chain.
Of our main interest is the left ideal in the boundary extended TL algebra generated by X L 4 . We denote this ideal as I L . Consider graphical realization of a typical word in the ideal. As we have different definitions of X L depending on a parity of L, separate pictures for the cases of L even and L odd are given below.
(2.9)
Here we adopt a convention that multiplication from the left by elements e i , f 0 , or f L amounts graphically to dropping their respective (half-)tiles up-down. Components of X L are shown hatched on the pictures.
As it is obvious from pictures (2.9) each word w in the ideal I L is uniquely defined by a shape of the upper border h(w|x), 0 ≤ x ≤ L, of its corresponding polygon (drawn in bold lines on the pictures). In turn, the border line is suitably encoded by its values at the integer points h(w|i) := h i (w). i = 0, 1, . . . , L. Assuming the height of the tile (= the length of its diagonal) equals 2 and taking the middle line of the bottom row of tiles as a reference axe one gets following prescriptions for a set of
Here prescription b) relies on our choice of X L as an ideal generating element. With the choice of Y L one would constrain h L to be odd. Prescription c) results from the reduction conditions (2.7). A line defined by a set {h i } satisfying conditions (2.10) is called Anchored Cross path in [20] . A family of such paths contains two famous subfamilies.
-Ballot paths are the paths (2.10) with fixed endpoint h L = 0. Their total number is
, where [x] is an integer part of x. Examples of Ballot paths are shown on pictures a), b) and c) on Fig. 1 on page 7. Pictures d) and e) there are not the Ballot paths. 4 Note that in case b = 0 the element Y L generates an isomorphic ideal.
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-Dyck paths are defined for L even and they are fixed at both ends:
Dyck paths which is the p-th Catalan number. For L = (2p + 1) odd close relatives of Dyck paths are those whose endpoints are fixed as h 0 = 1, h L = 0. These paths are in one to one correspondence with the Dyck paths of length L = (2p + 2) and later on we will also refer them as Dyck paths. Among the paths shown on Fig. 2 on page 8 cases a) , b) and c) are the Dyck paths, while cases d), e), f) are not.
Returning to the Anchored Cross paths one finds their total number being equal 2 L . So we observe that the dimension of the ideal I L coincides with the dimension of a representation space of the spin=1/2 chain of L particles. The analogy goes further. It turns out that the ideal I L considered as a vector space and supplied with the action of Hamiltonian
provides a realization of the open XXZ spin=1/2 chain (further results in this direction will be reported in [14] ). Note that the boundary terms of the open chain Hamiltonian carry effectively five independent coefficients which in realization (2.11) are represented by two parameters (c andc) of the Hamiltonian and three parameters (a,ā and b) entering definition of the ideal. The case c =c = 0 corresponds to U q (sl 2 ) symmetric spin chain.
In the rest of the paper we are going to investigate combinatorics of the ground state vector of Hamiltonian (2.11) for the case when the boundary extended TL algebra becomes semigroup
In this case the Hamiltonian (2.11) becomes an intensity matrix which is appropriate for description of a stochastic process (see, e.g., [10] ). Especially, we are interested in three particular cases where parameters c andc of the Hamiltonian are chosen as case A: c =c = 0 ; case B: c = 1 ,c = 0 ; case C: c =c = 1 . (2.13) Namely in these cases one observes magic manifestation of the ASM combinatorics in properties of the stationary state of the stochastic process (that is given by the ground state vector of the Hamiltonian).
3 Raise and Peel Models with different boundary terms.
The models definition.
We consider three processes of growth of a film of tiles which are deposited on a onedimensional substrate of size L.
As a substrate in all cases we choose profiles which are shown hatched on pictures (2.9). A rarefied gas above the substrate contains tiles and (possibly) half-tiles. They are moving along integer vertical lines as illustrated on picture (2.8) and upon hitting the substrate they can be absorbed and form interface configurations as shown on picture (2.9). Depending on a composition of the gas one distinguishes -case A: the gas contains tiles moving along lines with coordinates i = 1, 2, . . . , L − 1; possible interface configurations are given by Dyck paths; -case B: the gas contains all the tiles and the half-tile moving along 0-th line; possible interface configurations are the Ballot paths; -case C: the gas contains all the tiles and the half-tiles on both left and right boundaries; possible interface configurations are the Anchored Cross paths.
From discussion of the previous section one infers following translation of data of the processes to a language of the boundary extended TL-algebra:
-the substrate of size L ←→ the unnormalized projector X L ; -the (half-)tile on i-th vertical line ←→ the algebra generators
-interface configurations ←→ words in ideal the I L generated by X L ; -hitting the interface by (half-)tiles ←→ left multiplication by e i (f 0 , f L ) in the ideal.
A dynamics of the processes in the algebra language is described by equation
Here |p L (t) := w∈I L p L (w|t) w is a linear combination of words in the ideal. It may contain all possible words in case C and it is restricted to the subspace of Ballot/Dyck paths in the cases B/A. The coefficient p L (w|t) has to be a nonnegative real number and it is treated as unnormalized probability to find the system in configuration w at time t. The Hamiltonian H is given by formula (2.11) and the algebra parameters are chosen as in (2.12) to ensure that H is an intensity matrix. The parameters c andc of the Hamiltonian for the cases A, B and C are fixed as in (2.13). Starting from Subsection 3.2 we will concentrate on studying the stationary states of the stochastic processes, those are solutions of equation
The rest of this Subsection is devoted to a more explicit graphical presentation of dynamics of the processes. We take a viewpoint developed for the case A process in paper [12] . This process was called raise and peel model (RPM) there. Cases B and C are versions of the RPM with a different boundary terms. We recall physical ( = graphical) interpretation of the RPM evolution (3.1) as described in [12] and adopt it for the cases B and C. During an infinitesimal time interval dt a single event may happen with equal probability rate at any integer point of the interface. The following events can occur. a) At a local minimum point i (that is, if h i < h i±1 ) the interface either absorbs (half-)tile (h i → h i+2 ) with probability dt or it reflects (half-)tile (h i stays unchanged) with probability 1 − dt. For the case C there is an exception from this rule described in item d).
b) At a local maximum point i (that is, if h i > h i±1 ) the interface always reflects (half-)tiles and stays unchanged. c) At a bulk slope point i (that is, 0 < i < L and either h i−1 < h i < h i+1 , or h i−1 > h i > h i+1 ) dropping a tile leads with probability dt to a nonlocal desorption event called avalanche. To describe the avalanche one determines integer k such that for all integers j standing between i and k inequality h j > h i holds and either h k = h i , or k runs out the interval [0, L], i.e., k equals L + 1, or −1. The avalanche causes desorption of one tile at each point j between i and k, that is h j → h j − 2. The avalanche size (a number of the desorbed (half-)tiles)
With probability 1 − dt the tile is reflected and the interface stays unchanged.
d) In case C at a global minimum point i such that h i = 1 and h j > h i , ∀ j = i , the dropping (half-)tile with probability dt causes the total avalanche of a size
Again, with probability 1 − dt the (half-)tile is reflected and the interface stays unchanged.
Typical absorption and desorption events are illustrated on Figure 1 . 
Stationary states: critical values and normalization factor.
Here we present results of a numeric investigation of the stationary states of the raise and peel models. The calculations were carried out with the use of REDUCE program for the system's size up to L = 13 in case A, up to L = 11 in case B and up to L = 10 in case C. In all three cases (2.13) the RPM has a unique stationary state.
Denote components of |p L (3.2) in cases A, B and C as p
L (w), respectively. Here argument w labels in each case relevant interface configurations: those are the sets of Dyck paths {w} Dyck in case A, Ballot paths {w} Ballot in case B and Anchored Cross paths {w} ACross in case C. Since in the semigroup regime the Hamiltonian becomes the intensity matrix one always can choose null eigenvectors |p L in such a way that all their components are nonnegative real (see [21] ), thus, making the probabilistic interpretation consistent. Moreover, it turns out that no one of coefficients p Denote total normalization factors of the stationary probability distributions as
In the table below we collect values of S ( * ) The table illustrates clearly the following three conjectures, which were found before in [2, 13] .
n ) denote a number of vertically symmetric (resp., vertically and horizontally symmetric) alternating sign matrices of a size n × n 5 . Then
Conjecture 2. Looking at numbers standing in down-up diagonals of the table one observes equalities
The first equality (3.7) allows one to get two expressions for S
Their consistency, in turn, is based on relations conjectured in [22] 
The second equality (3.8) relates quantities S 
Certainly, the initial normalization is a more economic one and thus it is better suited for calculations. However, normalization (3.12) has an advantage in interpreting results. E.g., formula for the total normalization factors in this case looks as
which is much more in the spirit of eq.(3.7) then the formula (3.8). We decide to keep initial 'economic' normalization throughout the text and to comment on the second normalization when presenting results.
The last conjecture of this section describes the most probable components of the stationary states in cases A and B 
Case A: detailed distributions and Pascal's hexagon relation
Let us first introduce more notation. An integer point i of an interface configuration
The contact points are local minima of the interface at which it can absorb (half-)tiles. For instance, the interface shown on picture d) of Fig.(3) has only one 1-contact i = 2 in case A, but it has two 1-contacts i = 0, 2 in cases B, or C. In all cases it has 0-contacts at points k, k + 2, . . . L − 2 and additionally it has 0-contact at point L in case C. 
In this section we concentrate on studying the case A. For later convenience we add to the table a column for N = −1 setting S (a)
L=2p,N =0 . We also align data corresponding to even, or odd values of L leftwards, or 7 By contrast, in case C label N can take only two values -0 and 1. 
L were already listed in table (3.5) .
It is helpful to look at the up-down diagonals in this table. The rightmost diagonal contains units only. the next one contains numbers (L−1). For numbers staying in diagonals from third to seventh one finds expressions
With these data one can guess general formula for S ] − N. Integer n starts from 0 and labels leftwards the up-down diagonals in the table (3.17) . One has
The same sequence was guessed recently in [13] 8 . Our notation is related to that used in [13] 
As it is explained, e.g., in [11, 13] the numbers given by formula (3.23) appear in counting elements of certain families of vertically symmetric alternating sign matrices. It is not however clear how one can characterize these families of ASMs. The table (3.17) suggests another combinatorial interpretation of integers S 
Substituting label N by
L,N one can uniformly write relations (3.24) , (3.25) as
In We finish the section with observations of detailed maxima and of symmetry properties of the stationary distribution. Fig.(4) ). It is given by formula M (a)
where ǫ(L) :=
is a parity function.
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The relation (3.27) was also observed in [13] . Note that in case N = 0 and L odd we use in eq.(3.27) an extension of sequence S 
For L even the statement of Conjecture 6 is a direct consequence of the left-right symmetry of the Hamiltonian and the configuration space. For L odd the space of the states is no more left-right symmetric, and the symmetry is not an obvious one. Typical pair of symmetric configurations is drawn below (pieces of paths A/B and A'/B' are left-right symmetric).
Case B: left orbits and factorizations to case A
Again, we start with a few definitions. Consider a configuration w = {h k } k=0,...,L from the set of Anchored Cross paths. For any N-contact point i of the configuration w we construct new configurations w l (i) and w r (i) (here value of N is irrelevant)
It may happen that either one or both configurations w l (i) and w r (i) defined by eqs.(3.28), (3.29) do not satisfy condition c) of the definition (2.10) of Anchored Cross paths. Such configurations w l (i)/w r (i) should undergo total avalanche (see the end of Sec. 3.1), i.e., they are to be redefined as
Thus defined configurations w l (i) and w r (i) are called, respectively, left and right coverings of the configuration w at the point i. Below, using the notion of left and right coverings we give an iterative description of left and right orbits of the configuration w. Let L(w, N)/R(w, N) denote a set of all N-contacts of w which do not occupy right/left boundary point and which are placed to the left/right of any k-contact with k < N. First, we construct left/right coverings w l (i)/w r (j) of w at all points i ∈ L(w, N)/j ∈ R(w, N). Note that for all coverings w l (i)/w r (j) the sets L(w l (i), N)/R(w r (j), N) lie strictly inside the set L(w, N)/R(w, N). Next, we construct left/right coverings for all obtained at a first step configurations w l (i)/w r (j) at all points from their corresponding sets L(w l (i), N)/R(w r (j), N). We repeat the procedure until at some step of iteration there will be no more N-contacts An N-orbit is called maximal if it is not a subset of some bigger N-orbit.
For the family of Ballot paths only the procedure of left covering makes sense and, hence, only the left orbits are defined. In the rest of this section we apply notion of the left orbits to establish detailed relations for the stationary states in case B raise and peel model. The maximal 0-and 1-orbits will be especially important for us. The reasons are following.
The family of Ballot paths splits uniquely into collection of all (mutually nonintersecting) maximal left 0-/1-orbits.
The maximal left 0-orbits of length L are generated by elements
The maximal left 1-orbits of length L are generated by elements
We further observe that sums of the stationary coefficients over maximal left 0-and 1-orbits in case B are related to certain stationary coefficients in case A. These relations generalizing formula (3.7) are presented in 
With these notations one has
for L even:
15 for L odd:
Here summation is taken over all elements of the left 0-, or 1-orbits generated by u, or * v (note that configurations u and * v span all generating elements described in (3.32), (3.33) ).
Combining the last conjecture with conjectures 4-6 from the previous section one can get explicit values for sums over certain 0-and 1-orbits. These results and similar formulas for higher orbits are presented in the next Fig.(5) ).
One can guess explicit expressions for sums of the coefficients p (b)
L over left h 0 -and
)-orbits generated by elements W (h 0 , s). For even size L parameter h 0 takes on even values from 0 to L and one has relations
(h 0 = 2m)-orbits: 
This Conjecture is graphically illustrated on Fig.6 on page 30.
Most of the orbits appearing in the left hand sides of relations (3.36) and (3.37) are singlets and doublets. Namely, one has singlet (h 0 − 1)-orbits in case s ≥ h 0 and singlet h 0 -orbits for s = h 0 − 1; one has doublet h 0 -orbits in case s ≥ h 0 + 1. The larger size 2
-plet h 0 -and (h 0 − 1)-orbits appear, respectively, for s = h 0 and s = h 0 − 1. Relations for singlets and doublets provide explicit expressions for a number of stationary state coefficients in case B RPM. In particular, formulas for (h 0 − 1)-singlets generated by elements W (h 0 , s) with s ≥ h 0 were observed in [13] .
Noticing that two configurations from h 0 -doublet generated by W (h 0 , h 0 + 1) correspond to (h 0 −1)-and (h 0 +2)-singlets generated by W (h 0 , h 0 +1) and W (h 0 +2, h 0 +1), respectively, one concludes that expressions from the right hand sides of relations (3.36) and (3.37) should comply certain consistency rules. These are just the Pascal's hexagon relations (3.24), (3.25) and in this way the Pascal's hexagon relations were first time observed.
We finish the section with several observations about detailed normalizations and extrema in case B. L,N,M may take only integers between zero and L which are of the same parity as L.
Conjecture 9 (Case B: detailed distributions I). For the quantities S
(b) L,N introduced in (3.16) one has formulas for L even: S (b) L,N = S (a) L+1,[ N+1 2 ] S (a) L,[ N 2 ] , for L odd: S (b) L,N = S (a) L+1,[ N 2 ] S (a) L,[
Conjecture 10 (Case B: detailed distributions II). In case
We were unable to find similar expressions in case M < N. 
In case of L even and N = 0 there is one more configuration w = {h 0 = 2, h i = ǫ(i)} (see Fig.3 b) 
3.5 Case C: right orbits and factorizations to case B
In this section we consider right 0-and 1-orbits in a family of Anchored Cross paths and describe corresponding stationary distributions for the case C raise and peel model. Our key observations are following.
The family of Anchored Cross paths splits uniquely into collection of all (mutually nonintersecting) maximal right 0-/1-orbits.
The maximal right 0-orbits of length L are generated by elements
The maximal right 1-orbits of length L are generated by elements
We further observe that sums of the stationary coefficients over maximal right 0-and 1-orbits in case C are related to certain stationary coefficients in case B. These relations generalizing formula (3.8) 
With these notations one has
Here summation is taken over all elements of the right 0-, or 1-orbits generated by u, or v * (configurations u and v * span all generating elements described in (3.43) , (3.44) ).
This Conjecture is graphically illustrated on Fig.7 on page 31.
Remark 1.
In normalization (3.12) relations (3.45) and (3.46) read
In this presentation Conjecture 12 looks very much in the spirit of Conjecture 7 and one can be immediately convinced that it refines formula (3.13).
Remark 2. The case C RPM stationary state obeys mirror symmetry. Namely, any pair of configurations {h k } and {h
enter the stationary state with the same coefficients. Using this symmetry one can reformulate Conjecture 12 in the language of left orbits.
There are many singlets and doublets among the orbits appearing in the right hand sides of eqs.(3.45) and (3.46). E.g., all 0-orbits generated by elements w : h L (w) = 0 and h k (w) ≥ 1 ∀ k = 1, . . . , L − 1, are doublets; all 1-orbits generated by configurations w : h L (w) = 0 are singlets. Relations for singlets and doublets provide a number of explicit expressions for stationary state coefficients in the case C RPM. In particular, expressions which are presented in a right column of Table 2 in [13] all correspond to the right 1-singlets. To illustrate the practical use of Conjectures 12 and 8 we shall derive here formulas for stationary state coefficients of configurations
where configuration's size L may take even values only and parameter s runs from 1 to
According to Conjectures 8 and 12 the stationary state coefficients for these configurations and for configurations W (h 0 = 0, s) and W (h 0 = 1, s) (see fig.5 on p.17) satisfy relations
In the last conjecture we describe maximal components of the stationary states in the case C RPM. 
Discussion
Two of the issues discussed in this paper are most interesting from author's point of view and deserve further investigation. The first one is the Pascal's hexagon relation which surprisingly comes as defining recurrent equation for some of the RPM's stationary coefficients. At the moment we do not have explanation for this fact. A very preliminary investigation of the Pascal's hexagon relation was carried out in the Appendix. It comes out that besides the solution S (a) L,N (3.23) which is related to RPM with open boundaries the relation admits also solutions which manifest themselves in the periodic stochastic models (see eq.(A.8) and the sentence above it; see also remark 4 on page 24) and that it is related also to ASM combinatorics (see eqs.(A.27)-(A.38)). As author has learned from Yuri Stroganov the Pascal's hexagon relations are similar to bilinear equations, like octahedron recurrence, number walls, S-arrays which are actively discussed in algebraic combinatorics community (see, e.g., bilinear forum on the web). Moreover it has already appeared once in a physical literature as certain 2-dimensional reduction of the Hirota difference equation, called the discrete Boussinesq equation (see eq.(8.11) in [25] and the references therein).
The second one is the notion of orbits which appears while investigating the case B and case C RPMs and which is responsible for interrelations of the stationary state coefficients in cases A, B and C. The similar relations also appear for the spectra of these models [14] . This facts suggest an idea that cases B and A RPMs can be subsequently obtained by factorization of the case C. It would be interesting to find such conjectural factorization at the level of boundary extended Temperley-Lieb algebras.
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Appendix. Solutions of Pascal's hexagon relation and ASM numbers
Consider a set of numbers which are placed on vertices of a planar trigonal lattice. Introducing coordinate lines on the lattice as it is shown on figure (A.1) we label the numbers in the set by a pair of integers: {f m,n }, m, n ∈ Z. we impose a condition aa
which can be viewed as a generalization of Pascal's triangle relation to the case of hexagon.
In coordinatization (A.1) it reads
A particular solution of the Pascal's hexagon relation is given by formulas
where m is an integer and n is a nonnegative integer. Here for negative values of m ratios of factorials are treated as Pochhammer symbols:
The corresponding distribution of numbers on the lattice is shown in table 1 on page 32.
Formulas (A.5) and (A.6) can be reproduced in a following way. First, one assigns certain initial data to f m,n (like in the Pascal's triangle case)
and calculates values of f m,n for n > 0 and m ≥ 2n row by row (i.e., consecutively for n = 1, 2, 3, etc.) using relations (A.4). In this way formula (A.5) for detailed distributions S (a) L,n = f m=L,n was obtained in Sec. 3.3. Then, one observes that formula (A.5) is well defined on a half-plane n ≥ 0 and gives numbers satisfying Pascal's hexagon relation in this sector. Note that combinatorial functions R(n, L) and Q(n, L) introduced in [13] (see eqs. (16) and (17) there) both are related to function (A.5)
Note also that in the sector m ≤ 2n − 1, n ≤ 2m − 1 numbers f m,n vanish (see tab. (1)) that, in particular, destroys the connection between numbers f m,n in sectors m ≥ 2n, n ≥ 0 and 2m ≤ n, n ≥ 0 via the Pascal's hexagon relations. Further on, comparing numbers f m,n in sectors m ≥ 2n ≥ 0 and n ≥ 2m ≥ 0 one observes m ↔ n symmetry
Extrapolating this symmetry relation one defines numbers f m,n in sector m ≥ 0 ≥ n through those from sector n ≥ 0 ≥ m. The Pascal's hexagon relation for the newly defined numbers stays valid. Finally, one can guess general formula (A.6) for f m,n on a half-plane n < 0 analyzing the numbers in sector m ≥ 0 ≥ n. The numbers f m,n thus obtained satisfy relation (A.4) on the whole lattice. Let us end up discussion of the solution (A.5), (A.6) with a list of remarks/observations. 1. f m,n take particularly simple values along the following directions (see tab.1)
Conditions (A.10)-(A.13) can be used as initial data for reconstruction of all the nonzero numbers f m.n by means of relation (A.4).
2. Symmetry relations (A.9) are valid for any pair m, n such that m ≥ n (but not for m < n). 4. The numbers f m,n in sectors m ≥ 2n ≥ 0 and 0 ≤ n ≤ 1 − m are known to be related to open and periodic one dimensional stochastic models, respectively (see [13] and Sec.3.3). One may expect that there exists some one dimensional stochastic process related to the numbers f m,n in sector n ≤ −1, m ≤ 2n + 2.
Next, we consider solutions of the Pascal's hexagon relation which are polynomials in one, or several variables. Evaluated at particular values of their variable(s) they produce numeric solutions to (A.4). We found two examples of polynomial solutions.
First one is a set of polynomials in two variables F m,n (x, y) which are defined in the sector n ≥ 0, m ≥ 2n − 1. They satisfy Pascal's hexagon relation (A.4) (just substitute f m,n by F m,n (x, y) there) and one can uniquely define them provided that polynomials on the boundaries of the sector are fixed. We choose
which is a generalization of boundary conditions (A.7). A nontrivial fact is that with such choice of the boundary conditions one obtains polynomial (rather then rational) expressions for F m,n (x, y). In table 2 on page 33 some polynomials F m,n (x, y) for small values of m and n are listed. The functions F m,n (x, y) obey rescaling symmetries 10 F m,n (x, y) = y n F m,n (x/y, 1) , for y = 0 , (A.15)
It follows then that only two values y = 0 and y = 1 are essential. We keep using variable y as it is suitable for producing integral solutions to the Pascal's hexagon relations. In particular, one finds following relations between polynomials F m,n and the numbers given by formulas (A.5) and (A.6)
Another set of polynomials G m,n (x) are solutions of a variant of Pascal's hexagon relations Finally, it is remarkable that the solutions of the Pascal's hexagon relation reproduce in several ways numbers which were discovered in counting various symmetry classes of the alternating sign matrices (see [22, 23, 24] ). Below we present list of such formulae. Relations (A.27), (A.28) and (A.31)-(A.34) were observed earlier in [13] ]) = 0, 1, 2, 3, respectively. Here A n is a total number of n × n alternating sign matrices. Notations A 
